Abstract. -We define and analyse an elementary model for a network of strings with random natural lengths. As this system is expanded, a threshold is reached where some of the strings form a taut string network. Further expansion increases the fraction of taut strings, until eventually all strings are taut and the classical problem of a spring network is recovered. Here we provide an analysis of the properties of the system at and beyond the threshold expansion, relating results to the expectations of constraint theory.
Introduction. -We will define and analyse an elementary model which has a close affinity to existing models that represent the compression of randomly packed soft spheres, often invoked as a description of liquid foams [1, 2] and randomly cut elastic strings. It therefore belongs to the subject of "rigidity percolation" [3] . It appears to be distinct from either of its antecedents, and not trivially related to them. It was originally conceived as a variation on the theme of soft disk and sphere packings, as formulated by Liu and others [4] [5] [6] . That work is mainly founded on Hooke's law interactions which act under compression only (similar to those found for example in the interaction between the spheres in a Newton's cradle [7] ). It has proved to be extremely rich in subtle phenomena, such as non-integer indices that relate contact number variations with compression. It occurred to us to simply turn this problem "inside-out", by defining Hooke's law interactions under extension only, and hence a model of elastic strings that are loose under compression. The strings initially connect nearest-neighbour vertices of a regular lattice and are given natural lengths l i that are random variables. Here we will use a uniform distribution for l i . We may ask: when and how does the resulting network become taut as its boundaries are expanded? This is analogous to the "jamming" problem of compressed hard spheres, but simpler in some respects, as we shall see.
We have simulated the above system for large numbers of vertices in two dimensions, using periodic boundary conditions. Results for different lattices are quite distinct, depending on their coordination number. Here we will consider the cases of the hexagonal, square and triangular networks, with each vertex having three, four and six neighbours, respectively. Simulation technique. -We have used the Surface Evolver software [8] to define our string network system with periodic boundary conditions and to minimise the energy of the structure with a highly optimised conjugate gradient routine. We have modified the source code to redefine the Hookean spring energy as one-sided:
where L i is the separation of the two vertices at the ends of the string i and l i is the natural length of each of the N strings. For L i < l i a string is slack. We define a string network, consisting of strings and vertices (a string is formed by joining two vertices) in a two-dimensional box with periodic boundary conditions. The lattice is initially defined with all nearest-neighbour separations equal to unity. The natural lengths l i of the corresponding N elastic strings are uniformly distributed in the range
The width of the distribution of random numbers is thus given by w = l max − 1. The system is uniformly expanded by a small amount using an affine transformation. The structure is then relaxed to minimise the total energy. This procedure of small expansion followed by relaxation is continued until all strings have become taut ( fig. 1) . A fraction of the strings first become taut at some previous point, which we may call the threshold of rigidity.
In considering the basic properties of the model, we recognise some of its simplifying features. In contrast to the soft-sphere problem, this stretched string model has the property of convexity, as does the line minimisation problem [9] . Convexity is defined (in this case) as follows. At every point in the space of vertex coordinates, the second derivative of energy with respect to displacement is non-negative for all directions. This follows easily from the same statement applied to the energy term associated with each string.
Convexity implies that there cannot be more than one disjoint minimum of energy at and above the threshold expansion. (A sketch of a simple curve with two minima makes this obvious.) Unlike many of its disordered cousins, the model has a unique global minimum of energy. Thus, any stable state reached in our minimisation of the system is the unique solution for the string network. This reinforces the point made earlier, to the effect that turning the soft-sphere model inside-out entails quite different properties, since the soft-sphere model has a multiplicity of alternative minima.
In this letter we present results for very large systems with N = 32178 for the square case and N = 49152 for the triangular and hexagonal case. We find the same system behaviour when we consider systems with smaller numbers of strings. Also for the large systems considered here, there do not appear to be any appreciable finite-size effects.
Simulation results for the triangular lattice. -For the ordered case (w = 0), it is obvious that expanding the boundaries simply results in an affine expansion of the lattice, all strings becoming equally taut immediately. However, even quite small values of w produce radically different initial behaviour upon expansion. In such a case, at a certain critical expansion the system becomes taut, with an average coordination number Z crit (average number of taut strings connected to a vertex), which we shall examine.
As the boundaries are further expanded beyond this point, the average coordination number Z increases. It is obvious that for a finite-width distribution of l i , Z should tend to six (all strings taut) as the expansion tends to infinity; indeed it is clear that this should occur at some finite expansion. Its initial variation beyond the critical expansion is less obvious; at what rate do the loose strings become taut? We find this variation to be linear for the triangular case ( fig. 2(a) ). This is a very different behaviour from the strong nonlinear effects for disk and sphere packings under compression, as represented by compressed springs. In that case a power law variation with exponent 0.5 is found for the variation of the variation of excess contacts with packing fraction above the jamming threshold [6] . An individual vertex can have a coordination number z of taut connections between z = 2 and z = 6. Figure 2(b) shows the variation in the fraction of vertices with each coordination number as the system is expanded. At the threshold expansion the coordination number of some of the vertices jumps up from zero. Initially, there is a large number of vertices with coordination z = 2 (24.3% for the case with w = 4 shown in fig. 2(b) ). This decreases steadily as the system is expanded and more strings become a part of the taut network. We see a similar decrease for z = 3. Coordination numbers z = 4 and z = 5 show an initial increase and then decrease for larger expansions as the system approaches the fully taut state where all vertices have z = 6. Figure 3(a) shows the variation of the average coordination number (Z crit ) at the threshold expansion with the range of the natural string lengths w. The steep initial descent of Z crit makes it difficult to extrapolate reliably for w → 0. It is consistent with a finite value less than 6. There also appears to be a monotonic decrease of Z crit as w tends to infinity.
Interpretation. -The first key to understanding these results is surely constraint theory, a venerable mathematical technique with important modern applications in areas such as protein flexibility [10] and the random packing of particles [11] . It seeks to identify constraints and degrees of freedom, and equates these to make estimates of the statistics of critical points of the general kind that we have encountered here. In the triangular case, each vertex has the two degrees of freedom of translation and each taut string, maintained at its natural length l i , will contribute one constraint which is L = l i . The expectation is therefore that, in the absence of any symmetry (such as that which one obtains when l max = 1), the degrees of freedom are exhausted when the average coordination Z = 4, since each string joins two vertices. However, we see that the estimate from constraint theory appears not to be at all accurate even for small values of w (the range of natural lengths). For w = 0.1, the average coordination at the threshold is Z crit = 3.12 ± 0.06. For larger values of w there is a strong decrease of Z crit , which appears to level off for large values of w.
We see that even for w → 0, the naive estimate from constraint theory (Z crit = 4) is not found, and the discrepancy grows rapidly with w. The reason for this lies largely in the symmetry of the initial state. It can happen that a vertex is connected to only two taut strings, in which case it should be considered redundant in any constraint arguments, and the two strings considered as one. (This is obvious as taut strings that join vertices with coordination z = 2 must lie collinear and in effect behave as a single string.) We can also disregard all vertices that are only connected to slack strings (z = 0), as these do not contribute to the taut network. With these refinements and thus a definition of an average coordination number Z which does not take into account vertices with z ≤ 2, the constraints argument does succeed, as fig. 3(b) shows. We find that Z crit = 3.9 ± 0.06 for w = 0.1.
This correction does not suffice to explain the additional decrease of Z crit at high w, and a further analysis would be required to see how this comes about.
Results for the square lattice. -A square lattice is set up with each vertex connected to its four nearest neighbours. An example of a simulation using a square lattice is shown in fig. 4(a) . This is an interesting lattice configuration, as it has the same number of nearestneighbour connections as the number of constraints predicted to be required for the system to become taut. Nevertheless, the system behaves in a somewhat similar manner to the triangular case. As the system is expanded, a threshold expansion is reached where a fraction of the strings become taut. As the system is further expanded there is an initial linear increase in the fraction of strings that are taut.
For a square lattice, a constrained vertex can have a coordination number between z = 2 and z = 4. Figure 4(b) shows the variation in the fraction of vertices with each coordination number as the system is expanded. At the threshold expansion, the first strings become taut and so the coordination of some of the vertices jumps up from zero. We see again that a large fraction of vertices have coordination z = 2 (28.5% for the case with w = 4 shown in fig. 2(b) ). This decreases steadily as the system is expanded and more strings become part of the taut network. The fraction of vertices with z = 3 shows an initial increase and then decrease for larger expansions, a similar behaviour as for z = 4 and z = 5 for the triangular lattice. Finally, as the system approaches the fully taut state all vertices tend to z = 4. The variation of coordination number (Z crit ) at the threshold expansion with the distribution of natural lengths w is shown in fig. 3(a) . Here again we see a steep initial descent of Z crit which makes it difficult to extrapolate reliably the limit w → 0. It is consistent with a finite value less than 4. There also appears again to be a monotonic decrease of Z crit as w tends to infinity, similar to what is seen in the triangular case.
It is clear from fig. 4 (a) (and from the large number of vertices with coordination z = 2 in fig. 4(b) ) that even at the threshold expansion we again have substantial pockets of loose strings. When we calculate the coordination number of the taut network (Z crit ) as for the triangular case, we again find that in the low-w limit results are brought towards the predictions of constraint theory with Z crit = 3.62 ± 0.04 for w = 0.1, but not as closely as in the triangular case.
Results for the hexagonal lattice. -A hexagonal lattice is set up with each vertex connected to its three nearest neighbours. An example of a simulation using a hexagonal lattice is shown in fig. 5(a) . This lattice configuration has one fewer nearest-neighbour connections than the predicted number of constraints required for the system to become taut. We would thus expect that as the system is expanded, a threshold will be reached where all strings would become taut simultaneously and that this behaviour would be independent of the width of the distribution of random lengths w.
We see in fig. 5(b) that the system behaves in the expected manner only in the low-w limit. As w is increased, the average coordination Z crit at the threshold decreases as for the triangular and square lattices. The coordination number of the taut network (Z crit ) formed at the threshold is indicated by the dashed line in fig. 5(b) . This must always be Z crit = 3 as by definition disregarding vertices with z ≤ 2 in a system where the maximum coordination number is 3, must only leave the vertices with coordination z = 3.
Conclusion. -A network of elastic strings of random lengths under tension has been seen here to behave in a very different way to the case of elastic disk and sphere packings under compression. In particular there is a global minimum of energy above threshold. There is a strong dependence of the behaviour of the system, and in particular the critical average coordination number, on the polydispersity (represented by the distribution of natural lengths of the strings). The naive application of constraint theory requires various corrections to explain these results.
There are also instances of the failure of constraint theory for packings of objects in two and three dimensions. Packings may for example contain "rattlers", objects that can move freely in the interstices of a rigid system of larger scale. A naive application of constraint theory also runs into difficulty in the case of objects that have an asymmetric shape [11, 12] .
In future extensions to this work we will deal with other lattices and other significant variables that characterise their behaviour. Of particular interest are the elastic properties of the network and a statistical analysis of the pockets of loose strings. Since the model corresponds closely to an experimental system that can be directly realised, the construction of an experimental system could also be considered. * * *
Research was supported by Enterprise Ireland (BRGS SC/2002/011). GD holds a Trinity
College Dublin Postgraduate Award. We also gratefully acknowledge computational support from the Trinity Centre for High Performance Computing and the Irish Centre for High-End Computing.
